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Abstract 

The complex Minkowski phase space has the physical interpretation 
of the phase space of the scalar massive conformal particie. The aim of 
the paper is the construction and investigation of the ąuantum complex 
Minkowski space. 
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1 Introduction 

Extending the Poincare group by dilation and acceleration transformations, 
one obtains the conformal group SU (2,2) /Zą, which is the symmetry group 
of the conformal structure of compactified Minkowski space-time M, where 
Z4 = {i k id : k = 0,1,2,3} is the centralizer of £{7(2,2). According to the 
prevailing point of view SU(2,2)/Zą is the symmetry group for physical models 
which describe massless fields or particles, but has no application to the the- 
ory of massive objects. However, using the twistor description £Q of Minkowski 
space-time and the orbit method the different orbits of SU(2,2)/Zą in the 
conformally compactified complex Minkowski space M := M c may be consid- 
ered to be the classical phase spaces of massless and massive scalar conformal 
particles, antiparticles and tachyons, see 00]. 

The motivation for various attempts to construct models of non-commutative 
Minkowski space-time is the belief that this is the proper way to avoid diver- 
gences in ąuantum field theory [5]. Here, on the other hand, our aim is to 
ąuantize the classical phase space M ++ C M of the massive particie by re- 
placing it by the Toeplitz-like operator C*-algebra M ++ . To this end we first 



ąuantize the classical states of the massive scalar conformal particie by con- 
structing the coherent state map % : M ++ — » CP(5£) of M ++ into the complcx 
projective Hilbert space CP(JC), i.e. the space of the pure states of the system. 

In the next step we define the Banach algebra ? ++ of annihilation operators as 
the ones having the coherent states X(m), m G M ++ , as eigenvectors. Finally, 

the ąuantum phase space M ++ will be the C* -algebra generated by 7 

Let us remark that application of the above method of ąuantization to the 
case of M. 2N phase space leads to the Heisenberg-Weyl algebra. In our construc- 
tion the conformal group and M ++ are related in exactly the same way as are 
the Heisenberg group and the Heisenberg-Weyl algebra. 

The conformally compactified Minkowski space M can be reconstructed from 
M ++ as the Silov boundary of the interior of the spectrum of the commutative 
Banach algebra r P ++ . It can also be considered in the framework of Kostant- 
Souriau ąuantization as the SU(2, 2)/Z4-invariant configuration space for the 
phase space T*M. Similarly, if we consider the holomorphic model 0], see 
Section 2 and Section 3, the classical conformal phase space M ++ has the inter- 
pretation of the configuration space constructed by the SU(2, 2)/Z4-invariant 
Kahler polarization. In 0] a model of the classical field theory on M ++ was 
proposed. This paper is an effort, developing the results presented in [JJ, to 
construct a ąuantum description of the conformal massive particie, see Section 
4. In Section 5 the physical interpretation of the ąuantum phase space M ++ is 
discussed. 



2 Complex Minkowski space as the phase space 
of the conformal scalar massive particie 

Following E], we present the twistor description of phase spaces of the 
conformal scalar massive particles. Let us recall that twistor space T is C 4 

eąuipped with a Hermitian form rj of signature (+H ). The symmetry group 

of T is the group SU (2, 2), where g G SU(2, 2) iff g^g = r) and det g = 1. 

In relativistic mechanics the elementary phase spaces are given by the coad- 
joint orbits of the Poincare group, see 8 , which are parametrized in this case 
by mass, spin, and signature of the energy of the relativistic particie. Similarly, 
elementary phase spaces for conformal group one identifies with its coadjoint 
orbits. Since conformal Lie algebra su(2, 2) is simple we will identify its dual 
su(2, 2)* with su(2, 2) using Cartan-Killing form: 

(X,Y) = ±Tr(XY), (2.1) 

where X, Y G su(2,2). Thus the coadjoint representation Ad* : su(2,2)* — > 
su(2,2)* is identified with the adjoint one 

Ad g X = gXg-\ (2.2) 

where g G SU (2, 2). For the complete description and physical interpretation of 
Ad*(SU(2, 2))-orbits see 0EJ. 
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One defines the compactified complex Minkowski space M as the Grassman- 
nian of 2-dimcnsional complcx vector subspaces w C T of the twistor space and 
SU(2, 2) acts on M by 

o g : w — > gw. (2-3) 

The Grassmannian M splits into the orbits M kl indexed by the signatures of the 
restricted Hcrmitian forms sign rj\ z = (fc, Z), where k, l = +, — , 0. 

The orbit M 00 consisting of subspaces isotropic with respect to r\ is the 
conformal compactification M of real Minkowski space and M is the complexi- 
fication of M = M 00 . 

The cotangent bundle T*M 00 — > M 00 is isomorphic with the vector bundlc 
{(x,X) G M 00 x su(2,2) : im AT C X C ker X} =: N M 00 , where pn is the 
projection on the hrst component of the product M 00 x su(2, 2). The vector 
bundle isomorphism T*M 00 = N is defined by the following seąuence T*M 00 = 
(stł(2,2)/s«(2,2) x )* {X G su(2,2) : TrY"A = We 5^(2,2)^} ~ {X G 
su(2,2) limicie kerX} = pr^ (x) of the vector space isomorphisms. 

There exists a conformal structure on N defined by the cones C x := {X € 
pr^ 1 (x) : dim R imX < 1} C pr^(x) ^ T*M 00 , a; G M 00 . This conformal 
structure is invariant with respect to the action of SU(2, 2) on N defined by 

a g :(x,X)~(gx,gXg- 1 ) (2.4) 

for g e SU(2,2). 

The 8-dimensional orbits of the action l|2.4|) are: the bundle N ++ — > M 00 of 
upper halves of the interiors of the cones, the bundle N — > M 00 of bottom 
halves of the interiors of the cones and the bundle — > M no of exteriors of 
the cones. 

Similarly, the action H2.3(l of SU(2, 2) on M generates three 8-dimensional 
orbits: M++, M and M+". 

One has maps J a : Ń -> su(2, 2) and J A : M -> su (2, 2) of Ń := N++ UN — U 
and M := M++ U M U M+" into su(2, 2) defined by: 

J (x,X):=X (2.5) 
Ja (w) := iX(TT w - n w ±), (2.6) 

where J_: M i— > M is the involution, which maps w G M on its orthogonal 
complement w (with respect to the twistor forms rj) and ir w : T i— > T and 
n w ± : T t— > T are the projections defined by the decomposition T = w (B w . 

The maps Jo an d Ja are equivariant with respect to the actions a and a 
respectively and Ad-action of the conformal group. Thus Jo maps N ++ , , 
N on the 8-dimensional nilpotent Ad-orbits and J A maps M ++ ,M ++ ,M ++ 
on the 8-dimensional simple Ad-orbits which consist of X G su(2, 2) with cigen- 
values i\ and — i\. Using the Kirillov construction |2] we obtain the conformally 
iiwariant symplectic form ujq on N (identical with the canonical symplectic form 
of T*M 00 ) and the conformally invariant Kahler form cja on M. So (N,wo) 
and (M, u>\) are 8-dimensional conformal symplectic manifolds with momentum 
maps given by H2.5|l . l|2.ft|l . 
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In order to show that Ń and M have a physical intcrpretation of the phase 
spaces of the conformal scalar massive particles, let us take the coordinate de- 
scription of the presented models. We fix an element oo <E M 00 , called point at 
infinity. One defmes the Minkowski space as the affine space of elements 
w £ M 00 which are transversal to oo, i.e. w © oo = T. The elements w £ M 00 
which intersect with oo in more than one-dimension, i.e. dimc(w fi oo) ^ 1, 
form a cone Coo at infinity, so 

M oo = UCoo = S 1 x § 3 . 

The cones C x — {x G WSP® : dimc(x (~l x') ^ 1} define a conformal structure on 
M 00 , invariant with respect to the conformal group action given by (|2.3|) . 

The Poincare group Poo extended by the dilations is defined as the sta- 
bilizer (SU(2, 2)/Zą) 00 of the element oo. The intersections of the stabilizers 
(SU(2,2)/Z 4 )oo n (SU(2,2)/Z 4 )o, where £ is the origin of the inertial 
coordinates system, is the Lorentz group extended by dilations. One defines the 
Lorentz group Lo j0 o and the group of dilations Do i00 respectively as the com- 
mutator and the centralizer of (811(2,2)724)00 n (SU(2, 2)/Zą) respectively. 
Finally, the group of Minkowski space translations Too consists of the elements 
expX, where X e su(2, 2) satisfies imX C 00 C kerX, while the elements 
expX fulfilling iml C C kerX, define the commutative subgroup Ao of 
four-accelerations. 

Let us assume in the following that 

^,00 = (( i):CecĄ,0 = \( °.):CecĄ, (2.7) 



where we use the 2x2 matrix representation with Pauli basis: 

1 0\ /O l\ ( A A 



[o 1)' ai = \i oj' a2 = \-i o)> ff3= vo I 

in Mat2x2(C). This choice of ?y, co,0 gives us the decomposition 

su(2,2) = Too ©^0,00 ©I>o,oo ©-Ao (2.8) 

where the subalgebras of 4-translations, Lorentz, dilations and 4-accelerations 
are given respectively by 

Toc = { (o 0) : T = Tt G Mflt 2x 2 (C) and T = tfV p } (2.9a) 

^0,00 ={(^ _° t ) : Tri = and L e Mat 2x2 (C)} (2.9b) 

Bo.oo ={d[ a ° ° ) : d E M} (2.9c) 



-rr,, 



c o 



A o = {( n n ) : C = Ct e Mat 2x2 (C) and C = c^a^} (2.9d) 
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The basis of su(2, 2)* = su(2, 2) dual to the one defined by Pauli matrices in 
the Lie subalgebras Too, £0,00, 25o,oo, -Ao i s 



^3?; = 

0,oo 9»* = 

a * =5 /i * — 











W 





) 


1 








( 





1 ^0 







2 U 




-O"0 



0,oo 



9£ 



OA- 



<Xfc O 
O -<Tk 



O a, 
O O 



One has the matrbc coordinate map 

Moo 3 w i-> W € Afa< 2 x2(C) 

defined by 



w = { 



C 



: C e C 2 } 



and w = x e M™ iff W = W* = X. The element (x, X) e pr^~ 
parametrized by 



(x,X)^(X, 



X5 

5 -SX 



), 



(2.10a) 
(2.10b) 
(2.10c) 
(2.10d) 

(2.11) 

(2.12) 
M°°) is 

(2.13) 



where X, S € i? (2) and i? (2) is the vector space of 2 x 2 Hermitian matrices. 

The momentum maps (|2.5f) and 12.61) in the above defined coordinates are 
given by 

~XS -XSX 
S -SX 



MX, S) 



(2.14) 



J\(W) = i\ 



(w + wf)(w -w^y 

2{W- W^)- 1 



-co 



2W(W - W^^Wf 
2{W -W^W^ 



(2.15) 



By decomposing J (X,S) in the basis (|2.10|l J Q (X,S) = p^O 5 ^ + ra^L*^ 
a^A* + dD* we obtain the expressions 



d = x> M 



o,, 



-2(x"p J/ )x M + x 2 p fl 



(2.16) 
(2.17) 
(2.18) 
(2.19) 



for the four-momentum p^, relativistic angular momentum m MJ/ , dilation d and 
four-acceleration et„ respectively, where S = s^a^, X = x fJ, a fl . 

In the coordinates x ii , p^ = the symplectic form ujq assumes the canonical 
form 

u>o = dx >l A dpjj,. (2.20) 
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Similarly, from J\{W) = p^CP* + m^L*^ + a^A* v + dT>* we obtain 



p v = X V - (2.21) 

V 

m^ v = x il p v - p v x^ (2.22) 

d = x"p^ (2.23) 

A 2 
P 2 



af , = -2{x v p v )x, x + x 2 Pf , - — Pf t, (2.24) 



where the real coordinates x lt ,y ll on M arc dcfincd by x v + iy v = w v := 
The coordinate description of uj\ is the following 
d 2 

lu\ = iX- — - log(w - wfdw^ A dw v = dx v A dp v . (2.25) 

Concluding, one has two modcls (N,w ) and (M, wa) of the massive scalar 
conformal particie. Using the canonical coordinates (x fJ - ,p v ) common for both 
models we obtain that 

(i) the element (ar, X) G N++ (w e M++) iff p° > and (p ) 2 - ~p 2 > 0, i.e. 
it describes the state of a conformal scalar massive particie; 

(ii) the element (ar, X) € N (w e M ) iff p° < and (p ) 2 - ~p 2 > 0, i.e. 
it describes the state of a conformal scalar massive anti-particle; 

(iii) the element (a;, X) £ N+~ (w e M+~) iff (p ) 2 - ~p 2 < 0, i.e. it describes 
the state of a conformal scalar tachyon. 

The orbits N 0+ (M 0+ ) and N°~ (M 0_ ) describe the states of massless particles 
and anti-particles but this case will not be discussed further. 

Two above presented models do not differ if one considers them on the level 
of relativistic mechanics, sińce both of them behave towards Poincare trans- 
formations in the same way The difference appears if one considers the four- 
accelcration transformations parametrized by C — c^er^, which in canonical 
coordinates X — x^a^, P = p^o^ are 

X = X(CX + <7 Q )-\ (2.26) 



P = (CX + a )P(XC + a ) (2.27) 
for the standard model N and 

X = [XP + i\<7 - i\(XC - iXP- 1 C + a Q )](CXP + iXC + P)- 1 (2.28) 

P= (CX + <t )P(XC + a Q ) + X 2 CP- 1 C (2.29) 
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for the holomorphic model M. We see from (I2.29[) that in the holomorphic 
model (opposite to the standard one) the four-momentum P = p^a^ transforms 
in a non-linear way. This fact implies a lot of important physical conseąuences, 
e.g. the conformal scalar massive particie cannot be localized in the space-time 
in conformally invariant way. From (|2.24|) . (|2.28|) . I|2.29|l it follows that the 
holomorphic model corresponds to the nilpotent one when A — > 0. 



3 Conformally invariant ąuantum Kahler polar- 
ization 

In this section we shall make the first step in the direction to construct ąuantum 
conformal phase space. Since the case of the antiparticle can be transformed by 
the charge conjugation map to the particie one, see 0], and the tachyon case is 
less interesting from physical point of view, we will work only with the phase 
space M ++ of the conformal scalar massive particie. 

The phase space T*M 00 has the real conformally invariant polarization de- 
fined by the leaves of its cotangent bundle structure. In canonical coordinates 
this polarization is spanned by the vector fields { -^r}^=o,...3- F° r the holo- 
morphic phase space M the conformally invariant polarization is Kahler and 
in the complex coordinate it is spanned by {g~^)p,=o....3- The reason is that 

SU(2, 2)/Z 4 acts on M by biholomorphism. For g- 1 = (J^ G SU(2, 2) and 

w 6 M ++ one has 

o g W = {AW + B)(CW + D)-\ (3.1) 

where W £ Mai2x2(C) is the matrix holomorphic coordinate of w S M ++ . 
Using complex matrix coordinates H2.12JI one identifies M ++ with the futurę 
tube 

T := {W £ Mat 2 x2 ■ iraW > 0}. (3.2) 
Applying the Caley transform 

Z = (W - iE){W + iE)-\ W = i(Z + E){Z - E)' 1 (3.3) 

we map T on the symmetric domain 

D := {Z e Mat 2x2 {C) : E - Z* Z > 0}. (3.4) 

Let us remark here that the coordinates Z e D correspond to the diagonal 

-(T , 



representation of the twistor form rj = I °i? ^ ) . Below we use both systems 



of coordinates. 

In order to ąuantize M ++ we will use the method of coherent state map 
investigated in |10| . For the other construction of noncommutative manifolds by 
using coherent state method see also ^Jj. The essence of this method consists 
in replacing the classical state m S M ++ by the ąuantum pure state, which 
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means, that one defines the map %\ : M ++ i— » CP(JC) from the classical phase 
space M ++ into the complex projective separable Hilbert space CP(J{). We will 
cali 3C\ cołierent state map and in our case we will postulate that it has the 
following properties: 

(i) 3C\ is consistent with the conformal symmetry, i.e. there exists an unitary 
irreducible representation U a : SU(2, 2) i— > Aut with respect to which 
the coherent state map is equivariant: 



1T++ 



IT++ 



'X X 



■ CF(rK) 

[U x (s)] V 9 eSU(2,2) 

■ CP(Jf) 



(3.5) 



(ii) 3C\ is consistent with the holomorphic polarization {g~p:^ Q 3 )- This 
dcnotes that X\ is a holomorphic map. 



(iii) X\ is symplectic, i.e. 



(3.6) 



where ujfs is Fubini-Study form on CP(!K). The projective Hilbert space 
is considered here as Kahler manifold (thus symplectic manifold). This 
condition one needs for the consistence of classical dynamics with ąuantum 
dynamics. 

The coherent state map %\ : M ++ i— >• CP(!K) fulfilling the properties postu- 
lated above one obtains by the applying of the representation theory, see [T2"HT3"] . 
We skip here the technical considerations and present only the finał result. Lct 



J m 
h h 



(3.7) 



where m, 2j e N U {0} and —j ^ Ji,j2 ^ j, denote an orthonormal basis in "X, 
i.e. 

' J rn 
\3i h 



(3.8) 



Then the map K\ : M ++ = Dh>M given by 

K X :Z^\Z;X):= £ A&(Z) 

where 



3 m 

h h 



A^JZ) := ( <)^(detW jj+gg_gi 



(3.9) 



(3.10) 
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E 



S^max{0,j'i+j 2 } 
S^min{j+j 1 ,j+j 2 } 



.7 +.72 W j-32 \ S J+jl-S 3+hS -S-h-h 

S ) \S-h-j2 11 12 21 22 



and 



\ , w ,9, x r(A-2)r(A-3)m!(m + 2j + l)! 
< := (A - 1)(A - 2) (A - 3) Wir* + A - l)r (m h + A) ' ^ 

defines a coherent state map 

[K x ] =: X x ■ M++ i ► CP(iK) (3.12) 

with the properties mentioned in assumptions: (i), (ii), (iii). The condition (i) 
restricts the variability of the parameter A > 3 to integer numbers. 

From now on, to simplify the notation, we will write \Z) instead of \z; A). If 

the dependence on A is relevant we will write \z; A). 

\z)(z\ 

The projectors \z\z) re P resen ting the coherent states give the resolution of 
the identity 

1 = j \Z)(Z\ dfi x (Z,Z^) (3.13) 

D 

with respect to the measure 

d/j, x (Z, Z^) = c x [det(E - Z^ Z)] x - Ą \dZ\, (3.14) 

where \dZ\ is the Lebesgue measure on D and 

c A = 7r- 4 (A-l)(A-2) 2 (A-3), (3.15) 

which is equivalent to J d[i\ = 1 . 

Hence, by the anti-linear monomorphism 

7 A : J{ 3 |V) ^ <V>I • 5 A) := ?/>(•) € 0(P) (3.16) 

one identifies Jf with the rangę of I\ in 0(D), which is cąual to the Hilbert 
space of holomorphic functions L 2 0(B, dfi\) sąuare integrable with respect to 
the measure l|3.14l) . 

The representation I\oU\o I^ 1 acts on L 2 0(B>, dfj,\) by 

(h o U x {g) o I^ĄZ) = [det(CZ + D)]- x ^(a g (Z)), (3.17) 

i.e. it is a discrete series representation of SU(2, 2) and acts on the coherent 
states by 

U x (g)\Z) = [det(CZ + D)]- x \a g {Z)), (3.18) 
where 9~ X = \ c p ) e SU (2, 2), see 0E]. 
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The fifteen physical ąuantities p v , m^, d and a„, /x, v = 0,1,2,3, which 
characterize the scalar massive conformal particie form the conformal Lie algebra 
su(2, 2) with respect to the Poisson bracket 

. (3 - 19) 

dcfincd by the symplectic form w^- Each one of them defines a Hamiltonian flow 
cr g (t) on M ++ realized by the corresponding one-parameter subgroup g(t), t € K, 
of SU(2,2). By the equivariance condition (|4.38l) this Hamiltonian flow cr g u\ is 
ąuantized to the Hamiltonian flow on CP(JC) given by the one-parameter sub- 
group XJ\(g(t)) of representation (|3.18() . The generators of these one-parameter 
subgroups are realized in L 2 0(T, dfi\) as follows: 

m ""^ > ^^^ ) (3 ' 21) 

d = -2iw fi -^ 2iX (3.22) 

d 

d v = -iw 2 ^ - 2w v w )—^ + 2iXw v , (3.23) 

see UJ. They are ąuantized versions of their classical counterparts given by 
<|2.16[) - l|2.19l) . The measure in the futurę tube representation is given by 

dnx{W,W^) = 2- 4 [det(M/-VK t )] A ~ 4 |dW r |. (3.24) 

It was shown in |10| that the coherent state method of ąuantization is equivalent 
to the Kostant-Souriou geometrie ąuantization. 

Besides generators (|2.16|) - (|2.19|) of the conformal Lie algebra su(2, 2) there 
is also reason to ąuantize other physically important observables. In particular 
case the ones belonging to the family ++ (D) consisting of complex valued 
smooth functions / : M ++ — > C for whose there exists bounded operators 
a(f) £ i°°(J{) such that 

a(f)\Z) = f(Z)\Z) (3.25) 

for any Z e D = M ++ . Since the coherent states \Z) form a linearly dense 
subset of "K one has correctly defined linear map a : ++ (B) — > L°°(!K) of 
++ (D) in the Banach algebra of the bounded operators. 

It follows immediately from (|3.25|l and the resolution of identity (|3.13() that 

i) ++ (D) is the commutative algebra and / S ++ (D) is holomorphic; 

ii) The map a : 0++(D) -> L°°(3{) is an isometric 

IK/)lloo = ll/ILp = sup \f(Z)\ (3.26) 

Z6D 

monomorphism of algebr as; 
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iii) The image a(0 ++ (lD>)) is uniformly closed in L°°(M) (i.e. with respect to 
operator norm ||-|| „<-,). 

Hence, ++ (D) is a Banach subalgebra of the Banach algebra H°°(H)) of func- 
tions which are holomorphic and bounded on O. Let us remark here that com- 
pleteness of if°°(0) follows from the Weierstrass theorem, see e.g. 
Indeed one has: 

Proposition 3.1. The Banach algebra 0++(ID>) is equal to H°°(B). 

Proof: Since I x (3i) = L 2 0(D, dfi x ) we have f(ip\ )■ G h(H) for any 
/ G H°°(B). The multiplication operator M f : L 2 0{B,dfj, x ) -> L 2 0(B,o>a) is 
bounded. Thus there is a bounded operator a(/)* : "K — > "M such that 

f{Z){1>\Z) = (a(f)*tjj\Z) (3.27) 

for Z G D. The above shows that o(/) = (o(/)*)* fulfills lE^SJ. □ 
According to ^3 we shall cali the commutative Banach algebra y ++ := 

a(H°°(B))) the ąuantum Kohler polarization and its elements a(f) G T ++ the 

annihilation operators. 

The coordinate functions fki(Z) := Zfcj, where fc, i = 1,2 belong to i?°°(0). 

Therefore a^j := a(fkł) G 3 >++ and their action on the basis l|3.7|) is given by 



Ji n 



3 m\ _ I (J-Jl+1)(3-J2 + I)?n 



(2j + l)(2j+2)(m+A-2) 



0'+ji)(j+32)(m+2j + l) 
(m+2j+A-l)2i(2j+l) 



j + i m — l 

ji - 3 ja - § 
j - i m 

ji - 5 Ja - 5 



(3.28) 



ai2 



J m 
Ji J2 



(j-ji+i)(j+j2+i)™ 

(2j+l)(2j+2)(m+A-2) 



J + l 



(j+3i)(j-j2)(m+2j + l) 
(m+2j+A-l)2j(2j + l) 



Jl 

j - 
jl " 



J2 



//), 



J2 



(3.29) 



ffl 2 l 



J "1 
jl J2 



(j+3i+l)(j-j2 + l)m 
(2j + l)(2j+2)(m+A-2) 



J + | 
Jl + 2 



(j-ji)(3+J2)(m+2j + l) 
(m+2j+A-l)2j(2j + l) 



J " 
jl 



J2 



J2 



(3.30) 



022 



j m 
ji J2 



0'+ji+l)(j+j2 + l)m 
(2j + l)(2j+2)(m+A-2) 



U-ji)(j-h)(m+2j+l) 
(m+2j+A-l)2j(2j+l) 



j + i 



ji 

j - 
ji - 



J2 



J2 



(3.31) 
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In the expressions above we put by definition 



:= if the indices do 



j Ul 

3i 32/ 

not satisfy the condition m, 2 j £ N U {0} and —j ^ jx,32 ^ 3- 

The coordinate annihilation operators aki,k,l = 1,2 generate Banach sub- 
algebra [P^J of 7 ++ . Let us denote by PoZ(D) the algebra of polynomials of 

variables {zm}, k,l = 1,2 restricted to the closure O of D in Mai 2x2 (C). 
For the following considerations let us fix the matrix notation 



an ai2 

0,21 0,22 



£ ?+|®Mat 2x2 (C), (3.32) 



A+ := ( a } e ?++ ® Mai 2x2 (C) (3.33) 

\ a l 2 "22/ 

for the annihilation and creation operators. For example, in this notation the 
property l|3.25|l assumes the form 

A\Z) = Z\Z). (3.34) 

Proposition 3.2. 



i) fpJi is isometrically isomorphic to the closure Pol (O) of PoliW), i.e. a(f) £ 
^poi $ f * s continuous on D and holomorphic on O. The space of maximal 
ideals of the (the spectrum) is homeomorphic to B. 

ii) CPŻ,; is a semisimple Banach algebra, i.e. if p £ J^jJ" is such that for each 
c £ C there exists (1 + cp)~ x then p = 0. 

iii) "Pp^i ę 3 3++ , i-e. ii is proper Banach subalgebra of y ++ . 



iv) The uacuum state is cyclic with respect to the Banach algebra 
Proof: 

i) For Z, W £ D and a £ [0, 1] one has 
v^(E-[aZ+(l-a)W]*[aZ+(l-a)W])v = \\v\\ 2 -\\[aZ+(l-a)W]v\\ 2 ^ (3.35) 

H| 2 - {a\\Zv\\ + (1 - a)||VH|} 2 5* IMI 2 " HMI + (1 - a)lkll} 2 = 0, 

for each v £ C 2 , what gives aZ+(l — a)W £ B. So, D is convex bounded subset 
of Mat 2x2 (C). Thus D is polynomially convex and compact. By definition 
has a finite number of generators. Hence statement i) is valid, see for example 
Chapter 7 of Q2|. 

ii) We recall that the radical of algebra is 

# = {b £ ?++ : (b + Al) is invertible for any A ^ 0}. (3.36) 
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iii) To prove this it is enough to find a function / e H° 



f £ Pol (Vi). For cxample the function 

f(Z) = cxp 

has this property. 

iv) It is enough to check that 



Tr(Z + E) 
Tr(Z - E) 



such that 



(3.37) 



3 m 
h h 




o 



and notice that operator Aj™ 2 (At) £ J^J". 

We define the action of the g G SU(2, 2) on A by 



U A ( 5 )AU A ( 5 - 1 ) := 



U x (g)a n Ux(g- 1 ) Ux(g)a 12 U x (g- v 
U x (g)a 2 iUx(g~ 1 ) Ux(g)a 22 U x (g- r 



(3.38) 



□ 



(3.39) 



where SU (2, 2) 3 g — > Ua(§) 6 Aut(5f) is discrete series representation defined 
by H3.17fl . Using the above notation we formulate the following statement. 



Proposition 3.3. One has 

i) 

<r g (A) :-- 

ii) 



B)(CA + D) -1 
Vx(g)ŁVx(g- 1 )=ci g 



G y++ ® Mai 2x2 (C), 



(3.40) 
(3.41) 



/ r ff GSU(2,2). 
Proof: 



G SU(2,2) one has 

DD ] =E + C&. 
So eigenvalues of DD' satisfy di,d 2 ^ 1, which implies that 
ll-D^CZlI 2 s$ \\D- 1 C(D- l C)^\\ = D- l (DD^ - E)D^ 1 



(3.42) 



E-D- x D r 



< 1 



__ ( 3 - 43 ) 
for Z G D. The above gives that (Z) + CZ)- 1 = + D- 1 CZ)- l D- 1 exists for 

2 gD. Since det(CZ + £)) is continuous function function of Z and det(CZ + 

D) ^ for z 6 D there exists !!dI such that det(CZ + D) ^ for all z G fi. 

This shows that the matrix function 

o g (7L) = (AZ + B)(CZ + D)- 1 (3.44) 

is holomorphic on fł. So, by the Oka- Weil theorem, see |18l I19| . there is a 
seąuence {p n } of polynomials in Zn, Z12, 221 j ^22 with p„ — > cr g uniformly on D. 
Since 3>+j PoZ(B) one proves 07, (A) £ 3>+j <g Mat 2x2 (C). 
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ii) Let us note that for a linearly dense set of the coherent states \Z), ZeD, 

U A (.g)AU A (.g- 1 )|Z} = a g (A)\Z) (3.45) 

which gives (J3.41J) . □ 
We conclude immediately from Proposition 13.31 

Corollary 3.4. Banach subalgebra P+l C is invariant U\(g)'J'^Ux(g^ 1 ) C 

IPp^jj 3 € SU(2,2) wżi/i respect to the discrete series representation. 

Let us make a closing remark that ąuantum polarization CP ++ gives holomor- 
phic operator coordinatization for the classical phase space M ++ and subalgebra 
^Ppol C y ++ gives the coordinatization of M ++ algebraic in the annihilation op- 
eratora. 



4 Conformal Kahler ąuantum phase space 

The holomorphic ąuantum coordinatization of the classical phase space M ++ 
by the operator Banach algebra T ++ is not sufhcient from the physical point of 
view. The reason is that the complete ąuantum description of the scalar confor- 
mal particie also reąuires self-adjoint operatora, for example such as those given 
by H3.20JI - H3.23JI . Therefore, we are obliged to include in our considerations the 
Banach algebra 3 5++ generated by the creation operators a% l , k,l — 1,2, which 
by definition are conjugated counterparts of the annihilation operators. The 
algebra T++ gives anti- holomorphic ąuantum coordinatization of M ++ . From 
Proposition 13.31 it follows that as well as are conformally invariant 
ąuantum Kahler polarizations on M ++ . Thcn, following |17j . we shall cali the 
operator C*-algebra M ++ C L°°(!K) generated by CP ++ the ąuantum Kahler 
phase space of the scalar conformal particie. We shall denote by the 
proper C*-subalgebra of M++ generated by T+j £ ?++. 

The relation between the ąuantum phase space M ++ and its classical me- 
chanical counterpart M ++ is best seen by the covariant and contravariant sym- 
bols description. 

For any bounded operator F 6 L°°(!K) one defines the 2-covariant symbol 

The 2-contravariant symbol f is defined as an element of the space I>2(B x B) 
of complex valued functions on B x B for which the integral 

F = J x {f):=c\ J f{Z\ V) l ^lz)Jv\V) MZ\Z)d»(V\ V) (4.2) 

DxD 

exists weakly and 3 r \(f) £ L°°(J£), where the measure d[i is defined by 

dn{Z\Z) = det(£ - Z^Z)- 4 \dz\ . (4.3) 

We define: 
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i) the associative product 

(f. x g)(Z\W):= (4.4) 
=d I /(Zt, V) g &, W) gj^^^j V)M&, S) = 

DxD 

= I / ( zt, v)g{&, w) {m V\SHS\w) dfix{v ^ VWx{s ^ g)| 

DxD 

of the 2-contravariant symbols /, g G 23 2 (1D> x D) ; 

ii) the seminorm 

11/11 := II^a(/)IL (4.5) 

and the involution 

f*(Z\V):=f(V,Zt) (4.6) 

of the 2-contravariant symbol. The map J A : S 2 (D x B) — > L°°(J{) is an 
epimorphism of algebras with involution and 

ker J A = {/ G B 2 (D x B) : ||/|| = 0}. (4.7) 

Thus the ąuotient algebra !B 2 (1D) x B)/ker Ja and L°°(!K) are isomorphic as 
C*-algebras. Since each equivalence class [/] = / + ker Ja is represented in a 
uniąue way by the 2-covariant symbol (Ja(/)} 2 , i-e. [/] = (Ja(/))2 + ker Ja 
and (Ja(/)} 2 = (Ja(<?))2 iS f — g G ker Ja, thcn the ąuotient vector space 
■B 2 (D x D)/ ker Ja is isomorphic with the vector space 

■B 2 (D x D) := {(F)2 ■ F G L°°(J{)} (4.8) 

of 2-covariant symbols of the bounded operators. Dcnning the product of the 
2-covariant symbols (F) 2 , (G) 2 G 23 2 (B x ©) by 

<f > 2 *a (G) 2 (Zt, V) := CA | <F> 2 (Zt, W)<G) 2 (Wt, y) gM^| d/i(T yt >T y) 

(4.9) 

one obtains the structure of C*-algebra on 'B 2 (D x D). 

The ąuotient map 'B 2 (D x D) — > 23 2 (D x B)/ ker Ja and the isomorphism 
B 2 (D x B)/kcr J A ~B 2 (Dx D) defrncs the epimorphism 

tt:S 2 (©xD) — >S 2 (DxD) (4.10) 

of the algebra with hwolution (B 2 (DxD), » A ) on the C*-algebra 0B 2 (BxB), 
Similarly the inclusion map 

t:B 2 (Dxi)^S 2 (lxB) (4.11) 

is the monomorphism of C*-algebra (23 2 (B x B),* A ) to the algebra (CB 2 (D x 
»),•*)■ 
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In the case under consideration the coherent state map 3C\ : B — » CP(Jf) is 
holomorphic and ES is a simply connected domain. Hence one can recontruct the 
2-covariant symbol {F)2 of the bounded operator F e L°°(!K) from its Berezin 
covariant symbol 



{F){Z\Z) := { - 



Z\FZ) 



im ■ <« 2 » 

The reconstruction is given by the analytic continuation of (F) from the diagonal 
(5:D = A^lxBto the product DxD. As a result we obtain the linear 
isomorphism 

c : £(B) — - — > £ 2 (B x B) (4.13) 

of the vector space CB(B) := {(F) : F G L°°(%)} of Berezin covariant symbols 
with 13 2 (B x D). The map l|4.13[) is inverse to the restriction map 



S* : S 2 (D x B) 9 (F} 2 — > (F) 2 o 6 G S(I 
Hence one also defines the product 

/ * A 9 := 5*(c(f) * A c(g)) 
of /, g G 23 (B), which is given explicitly by 



(4.14) 
(4.15) 



(/ * A g){Z\Z) = c x / V)g{V\ Z) \a x {Z\ V)\ d/i(W, V), (4.16) 



where 



«A 



(zt,y) 



(Z|V> 



(4.17) 



is the transition amplitudę between the coherent states 3C\(Z) and %\{V). 
For brevity by / and g in 14.1511 we denoted the Berezin covariant symbols of 
F,GeL°°(K). 

Let us visualize the morphisms defined above in the following diagram 




(B 2 (B x B),* A ) 



(4.18) 



6* 



(S(D),* A ) 

The notions of covariant and contravariant symbols were introduced by 
Berezin and their importance in various aspects of ąuantization was shown in 
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|201 El • The 2-contravariant and 2-covariant symbols of Schatten class opera- 
tora and bounded operators were studied in [221 

In the following proposition we will mention a few properties of the ąuantum 
scalar conformal phase space M ++ and its C*-subalgebra 

Proposition 4.1. 



(i) The autorepresentation o/M^j mi°°(JC) is irreducible and H CPl^" = 
CI. 

(ii) Mp "]" is weakly (strongly) dense in L°°(Jf). 

fmj contains the ideał L°(JC) o/ compact operators. Thus any ideał of 

MjJ, which autorepresentation in J{ is irreducible, also contains L°(!H). 

(iuj M^jJ is conformally inuariant, i.e. U\(g)M^U\(g) ji C M^J" /or 5 € 
51/(2,2). 

r«; 5 3 +!ni°(j£) = {o}. 

('wij L°(J£) C CommM.p^ , where CommJA^ is commutator ideał o/M^J". 
(wij T/ie statements i), ii), iii), v), and vi) are valid ałso for M ++ and CP ++ 
Proof: 



(i) Let us denote by P the orthogonal projector defined by decomposition of 

H-+ 

L poi 



JC on the Hilbert subspaces irreducible with respect to Mjtt. Let us dcfinc 



p € 2/0(D, d/x A ) by 





P(S) 

Since 



O/' 



(4.19) 



o(/)tp = Pa(/)+ (4.20) 
for each / <E PoZ(O) then from l|3.38|l and (|4.2U|) one has 



(IoPoT 1 )! 



j m 

ji h 



P I 



j m 

h h 



(4.21) 



Since p e L 2 0(D, d/zA) there exists a seąuence of polynomials {p n } such 
that p n ► p in ||-|| 2 -norm. The operator I o P o I^ 1 is bounded, so we 

n — >oo 

obtain from l|4.21ll 

p = (IoPoI~ 1 )p = (IoPoI^ 1 ) lim pn — lim (IoPoI~ 1 )p N = lim pp^. 

(4.22) 

For any compact subset KcB one has 

sup \(<ip\Z)\^C k \\iP\\ 2 , (4.23) 
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where Ck '■= swp ZeK y/JZ\Z) and thus 

O < sup \p 2 (Z) -p{Z)p N {Z)\ < sup \p(Z)\ sup \p(Z) - PN (Z)\ < 

^ llPlIa IIP-w|| a — : ►O. (4.24) 

The above gives p = Yiu\n^ogPPn = p 2 G L 2 0(I5, d/^)- Thus p = 1 and 
from (|4.21[) we obtain that P = I, what proves irreducibility of MŻjJ". If 

^ e -Ppot n ^po! then ^ comm utes with any element of Mij . So x G CI. 

(ii) It follows from i) and from the von Neumann bicommutant theorem. 

(iii) Let us take the operator F G L°° ( JC) which has finite number of nonzero 
matrix elements in the orthonormal basis (|3.7(l . Then its 2-covariant sym- 
bol is given by 



J rn 



F 



j m \ \j'm' 



Ji Ja/ JlJ2 



(F) 2 (^,y)= ę (det(£-ZtVO A A^ a (Zt ; 

(4.25) 

where $ is a finite index set. The operator 

E A-(At)/^ -Fj; ^)Ag(A) (4.26) 
(i,m,ji,i 2 )e* 

belongs to My "[ and has the same 2-covariant symbol as operator F. Thus 
we gather that F is eąual to (|4.26|l what implies that F G Mi£. So from 
the fact that L°(JC) n M+ Q | ^ {0} and Theorem 2.4.9 in [23] we see that 
L°(M)CM+|. 

(iv) Since M^jJ" is generated by IPijj*, the statement follows from the Proposi- 
tion !3.3l 

(v) Let / G C(D) and o i o c)(/) belongs to L°(J£) and T++ then its 

spectrum is discrete and eąual to /(D) at the same time, which leads to a 
contradiction. 

(vi) From iii) one has that \<p)(ip\ G 3Vęj/ for (p,tjj € !H. Additionally one has 

\<pM = (\u)(v\){\v)( V >\) (4.27) 



Iv>(«l = [lv)('7l,|ł7)(«|] (4-28) 

if v,r) G CK satisfy = (r)\rj) = 1 and (v\rj) = 0. Hcnce L°(J{) C 

CommMit. 
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In order to show that L°(!K) C CommM^jJ" we observe that the operator 
[a| 1; aii] £ L°(!H) C ComruM.^ in the basis (|3.7|) assumes the form 



[an,an] 



J "i 

ii j2 



(4.29) 



(A - 2)((ji + j 2 )(m + 2j + A) — (m + 2j + A)(m + A - 2) - (j + ji + + j 2 + 1)) j 
(m + 2j + A - l)(m + 2j + A)(m + A - 2)(m + A - 1) ji 

Thus it is diagonal and j ( m +\-^)(m+\-i) * s ^ ne concentration point of its 
spectrum. So, it belongs to CommJń.^ and is not compact operator. 

(vii) It follows from the fact that ?++ C 3> ++ . 

□ 

Now let us make few remarks about the Toeplitz (holomorphic) represen- 
tation of M ++ , i.e. the representation in the Hilbert space L 2 0(B, dfi\). One 
obtains it using the anti-linear monomorphism I : Jf — » L 2 0(B, d/j\) given by 

T A pf) := I o X o r 1 : L 2 0(B, dfJ, x ) -> L 2 0(B, d/x A ), (4.30) 



where X G M ++ . In the particular case when X G T++ one has 

T A (X)^(^) = (X)(Z)1>(Z). (4.31) 



So, T(3 3 p C J) is realized by multiplication operators Mf, f G iJ°°(B), having a 
continuous prolongation to B. Thus, the Toeplitz algebra 7\CM^) is generated 
by the operators 

TA(/) = n A oM/on A , (4.32) 

where / is a real analytic polynomial. The operator Mf : L 2 0(B, dfJ,\) — > 
L 2 0(B, dfix) is the operator of multiplication by / G C(B) and 

(n x ^)(Z) = | (^W*, y)^_ CA( i M (yt ) v) (4.33) 

D 

is the orthogonal projector H\ of the Hilbert space L 2 (B>,d/i\) on its Hilbert 
subspace i 2 0(B, dfi\). 

Using the representation 14.301) one can iiwestigate M^f" in the framework 
of theory of Toeplitz algebras related to bounded symmetric domains, which 
were intensively investigated in series of works |^] 1251 l2l)| . 

The following basie statement can be viewed as a variant of the Coburn 
Theorem (see |2*7|). 

Theorem 4.2. One has the exact seąuence 

— ► CommM+| — 1 —> M+j — ^ — > C(M 00 ) — ► (4.34) 

of C* -algebra homomorphisms, where C(M 00 ) is the C* -algebra of continuous 
functions on the conformally compactified Minkowski space . 
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Proof: We begin observing that for / 6 C(B) one has ineąualities 

IIW)IL < Wflup < \\Qx(f)\L ( 4 -35) 

which follow from 14.3211 and from (|5.5|l respectively. From the first ineąuality 
in (I4.35[l it follows that the map 

C(B) 3 f — T\(f) := [T A (/)] e M+j/CommM+t (4.36) 

is a continuous epimorphism of the C*-algcbra C(B) on the commutative quo- 
tient C*-algebra M^j/CommMyj". Let us recall that the norm of [x] S 
M+ j /CommMp^ is defined by 

IINII m/ = inf + > + £|l- (4-37) 

Now let us consider the ideał kerT\ C C(B). It follows from ró) of Proposi- 
tion 14. II that U\(g)(CommM.p^)U\(g)' f C CommMJj, so the conformal group 
S77(2,2)/Z 4 acts on the ąuotient C*-algebra M+|/CommM+ | and the C*- 
algebra epimorphism defined by (|4.36(l is a conformally equivariant map, i.e. 

C(D) — ^ M+j/CommM+t 

s s [EMs)] (4.38) 
C(D) — ^ M+j/CommM+l 
for any 5 e SU(2, 2)/Z 4 , where 

(E fl /)(Zt, Z) := /(K(Z))t, <t s (Z)) (4.39) 



[t^(ff)](N) := [U x (g)xU x ( g y], (4.40) 

We conclude from the above that ker Ta is an ideał in C(D) conformally 
hwariant with respect to the action Ij4.39|l . Since any ideał in C(B) consists of 
functions vanishing on some compact subset K C B the conformally invariant 
ideals correspond to the conformally invariant compact subsets: B, <9B = {Z e 
Mat 2x2 (C) : det(E - Z* Z) = and Tr(^ - Z^Z) ^ 0} and £7(2) = {Z e 
Mat2x2(C) : Z^ Z = E}, where the last one is the Silov boundary of B. In this 
way we show that ker T\ is eąual to one of the following three ideals 

%={0}cJ a5 c3 ą2) , (4.41) 

where by 3k we denote the ideał of functions eąual to zero on K. The polynomial 

tp{Z\ Z) := Tr(E - Z 1 Z) (4.42) 
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generates the ideał Ju(2) and maps D on the interval [0, 2]. Let us consider the 
positive operator 

: Tr(E - A* A) := 2 - a\ x au - a\- 2 a i2 - a|i fl 2i _ a L a 22, (4.43) 
which is diagonal, with 



: Tr(E - A^ A) 



j m\ _ 2(A-2)(m + j + A-l) 
h h] ~ (m + A- l)(m + 2j + A) 



3 m 
3i h 



(4.44) 



in the basis !|3.7[> . We see from (|4.44l) that the spectrum a of : Tr(_E - A^A) : is 
contained in the interval [0, 2] and the set 

A - 2 1 

m G NU {0} U {oo} } (4.45) 



i + A - 1 

is its approximative spectrum. The continuous function F : [0, 2] — > K defined 

by 

(A-2)tt , 
F(x) := x sin ^ — —!— (4.46) 

vanishes on <r a and F o <p s Jj/(2)- Since Tj^ = and F assumes the same 
value at most on a finite subset of a \ <r a , we conclude that F(: Tr(E — A>A) :) 
is a compact operator. Thus, by iii) of Proposition 14.11 F(: Tr(E — A' A) :) 
belongs to ComrńM^^. Let us take the seąuence {P n (x)} n eN of polynomials 
which uniformly approximate P n — > F the function i 7, G C([0, 2]). Thus one has 

UPnO^-Fo^— ^0 (4.47) 
From 14.47|l and the first ineąuality of l|4.35|l we obtain 

\\7 x (P n oip)-7 x (Foi P )\\ oo >0. (4.48) 

Tl— >0O 

On the other hand, from the Gelfand-Naimark theorem and 14.4711 we have 

||P n (: Tr(_E - A A) :) - F(: Tr(£ - A A) :)|| ► 0. (4.49) 

The operators Ta (P n ° ip) are polynomials of the creation and annihilation op- 
erators taken in the anti-normal ordering, so they differ from the polynomials 
P„(: Tr(E - A A) :) modulo elements of CommMl^. Thus, using also l|4.48|l 
and (14.491). we obtain that 



0=\\[7 x (Fo ip )} [F(: Tr(E-AU) :)]|| m/ = \\[7 X (F o v )]\\ mf = \\T X {F o v )\\ mf 

(4.50) 

Summing up we conclude that F o ip £ ker Ta fi 3u(2)- Since it is easy to 
check that F o tp ^ "Jq and that ker Ta, is conformally invariant it follows that 
ker Ta = 3u(2) = Jm°°- 
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Taking into account that (|4. is an epimorphism of C*-algebras, we state 
thc following isomorphisms M+j/CommM+j C*(B)/J M oo = C*(M 00 ). These 
isomorphisms give the epimorphism n\ : — > C(M 00 ). □ 

Ending this section, let us remark that "neglecting" the non-commutativity 
of ąuantum complex Minkowski space M^J we come back to the commutative 
C*-algebra C(M 00 ) whose spectrum is given by the conformally compactified 
Minkowski space M no . 

5 Quantization and physical interpretation 

Analogously to the classical coordinate observables (Z, Z^) on M ++ we shall 
use ąuantum coordinate observables (A, A*) for the ąuantum phase space M ++ . 
Superposing morphisms from diagram (|4.18|l we obtain the extension of this 
correspondence. In such a way we get the isomorphism 

Qx :=3 r A oŁoc:S(D) — > L°°(Ji), (5.1) 
which extends the ąuantization map, 

a:ff°°(D) 3 /_o(/) eL°°(X), (5.2) 
discussed in the previous section. Taking into account the properties 

Qx(f*xg) = Qx(f)Qx(g), (5.3) 

Qx(I) = Qx(fT, (5.4) 

(Qx(f))x = f, (5.5) 

for /, g € 23(B), we see that the isomorphism Q\ gives a ąuantization procedurę 
inverse to the mean value map. 

According to relation (|5.5|l . Berezin covariant symbols are the classical ob- 
servables corresponding to the ąuantum observables realized by the boundcd 
operators. As a particular case the ąuantum phase space M ++ C L°°(!J{) is 
obtained from (M ++ ) C 23(B) by the ąuantization 1)5.1(1 . However for physical 
reasons we are interested in the extension of Q\ : 23 (B) — > L co {'K) to a larger 
algebra of observables. For example it is reasonable to include in this scheme 
the elements of the enveloping algebra of the conformal Lie algebra su(2,2). 
The latter ones are represented by unbounded operators in 3-C which, according 
to the equivariance property l|4.38|) . possess the common domain given by the 
linear span £(3C A (M ++ )) of the set 5Ca(M++) of the coherent states. Let us 
then define the vector space A ++ of operators in J{ closed with respect to the 
operation of conjugation and all elements of which possess £(3Ca(M ++ )) as a 
common domain. Therefore for any operator F G A ++ the 2-covariant and 
Berezin covariant symbols have sense. 
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In the following we will use the coherent state weak topology, i.e. A n > A 
if (Z\A n \V) — > for all Z,V eB. It is a weaker topology than the weak 

one, as can be seen from the following examplc. Lct O 9 Z n = (1 — —)E, n 6 N. 
We denne the seąuence of operators 

(5 ' 6) 

It is easily observed that 

VZ, V G D lim (Zl^nly) = 0, (5.7) 

n — >oo 

thus A„ > 0. On the other hand sup ragN \\A n \\ = co, thus A n is not weakly 
convergent. 

The space A ++ is closed with respect to coherent state weak topology. The 
ąuantum phase space M ++ is contained in A ++ as a dense subset with respect 
to the coherent state weak topology. For any F G A ++ its Berczin symbol 
/ = (F) G 3?0 ++ (P) is the real analytic function 

fl<7\ y\ \ ł f phi yii2 yin 7*22 yjn y3i2 7J21 yj'22 

j \Zj , ći ) — / J Ml Mx ,»22 , jn ,J12 ,J21 ,J22 ^ll ^12 ^21 ^22 ^11 ^12 ^21 "^22 

(5.8) 

of the variables (Z\Z). One extends the ąuantization (|5.1(l naturally to the 
space 3?0 ++ (ID) of real analytic functions on D by setting 

n m -V* f J 112 J 121 J i23 „in„ii2„*2i„i22 _ 

^X\J ) — 2_i Jill,«12,«21,J22,jll,jl2 J21 J22 U 11 u 12 "21 u 22 u ll u 12 u 21 u 22 ~~ 

= :/(At,A) :, (5.9) 

where as usual, the colons : • : denote normal ordering. The infinite sum in 
H5.9fl is taken in the sense of coherent state weak topology. The extension of the 
product *\, see (|4.16|) . to the real analytic Berezin symbols /, g G 310 ++ (O) is 
dcfined by 

(/ * A g){Z\ Z) := . (5.10) 

As an illustration let us consider the Berezin symbols 

(W,*) - (de t(CZ + Z»)-> ( ^fffi' )" (-1) 
and their ąuantum (At, A)-coordinate representation 

( J tf(^X" )" >: " fct(CA + J)r> (5 - 12 ' 

for the conformal group elements g G SU (2, 2). In order to express the ąuan- 
tum 4-momentum, relativistic angular momentum, dilation and 4-acceleration 
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in terms of ąuantum coordinates (At, A) we differentiate U\(g(t)) given by l|5.12[l 
with respect to the parameter igl for an appropriate choice of one-parameter 
subgroup R 3 t — ► g(t) S SU(2, 2). As a result one obtains 

Q A (p M ) = *A : (dct(W - Wt))- 1 Tr(^(W - W f )) : (5.13) 

Q\(m fiV ) = i\ (\ Tr^W 1 ) : (det(W - W 1 ))" 1 Tr(ov(W - W f )) : - 



2 

-i Tr^W*) : (det(W - W 1 ))" 1 Tr^W - W 1 )) ^ (5.14) 

Q\(d) = i\Ti(a fJ W^) : (det(W - W 1 ))" 1 Tr^W - W 1 )) : -2ŻAI (5.15) 
Qx{a.v) — «Adet(W t ) : (det(W - W^)" 1 Tr(d, y (W - W f )) : - 

- i\- Tr(a v Vft) Tr(cr /3 Wt) : (det(W - W 1 ))" 1 Ti(ap(W - W f )) : + 

+ i\Tr(a u W), (5.16) 

where (Wt , W) are matrix operator coordinates in A ++ obtained from (At , A) 
by the Caley transform 

W = i(Ł + E)(Ł-E)- 1 , (5.17) 

which has sense in the coherent state weak topology. After passing to the repre- 
sentation in the Hilbert space L 2 0(T, d/i M ) of holomorphic functions on the fu- 
turę tube T, sąuare integrable with respect to the measure (|3.24H , we rediscover 
from (|5.13|) - (|5.1t)[) the operators (|3.2U|) - (|3.23|) obtained by the Kostant-Souriau 
geometrie ąuantization. 

It foliowa from (|3~2T)|) that 

[Qx(p fl ),QM]=0- (5.18) 
Using (I2.21[> . we see from <|5.18|l that 

[Q\(y»),Qx(y»)} = o. (5.19) 

The creation operators 

Q A (^) = ~Tr(a M Wt) (5.20) 

in L 2 0(T, d/i>) are given as multiplication by the complex coordinate functions 
w* 1 , so they commutc. Thus, in addition to Ij5.18|l . we have 

[Q x (x»),Q x (x v )} = (5.21) 

[Qx{x»),Qx(pv)]=-iKl (5-22) 
for the ąuantum canonical coordinates (Q\(x fl ), Qx{Pv))- 
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Therefore we see that Heisenberg algebra generated by unbounded operators 
of 4-momenta Q\{p v ) and 4-positions Q\{x' x ) — \ Tr(cr M (W + W*)) is included 
in A ++ . The creation operators (|5.2l)|) and the annihilation ones 

Q\(w v ) = ^Tr(ovW) (5.23) 

generate the Caley transforms of ąuantum polarizations and IPpjJ" respec- 
tively. However their commutators [Q\(w fJ/ ), Q\{w v )] ^ do not have so simplc 
form as it has place in the case of ąuantum real polarization given by the canon- 
ical commutation relation Q5.22p . 

Let us now discuss the physical sense of the parameter A e KL So far, 
for technical rcasons, we assumed that it was dimensionless. However, as one 
sees from (|2.21f) . A has dimcnsions of action. We therefore assume the Planck 
constant h as the natural unit for A. After this we obtain 

w»=x fi +i\— (5.24) 
mc mc 

where mc = \J v\ — V 2 ■ The ąuantity — is the Compton wavelength of the 
conformal particie. For example for the proton = 10~ 13 cm. 

The ąuantities denote the components of relativistic 4-velocity measured 
with the speed of light as the unit. Dimensional analysis shows that in the limit 
A — > oo the theory describes physical phcnomcna characterized by a space- 
time scalę much bigger than the Compton scalę characteristic for the ąuantum 
phcnomcna. This physical argument is consistent with the following asymptotic 
behavior of of *>-product 

/ *a .9 ~ fg (5.25) 



f*\g-g*\f~i\{f,g} (5.26) 

for A — > oo, where the right hand side of (|5.25|) is usual multiplication of func- 
tions and the right side of l|5.26|l is the Poisson bracket (|3.19f) . In order to show 
these asymptotic formulae we apply the method used for the case of a generał 
symmetric domain in 120] • The expressions (|5.25l) . (|5.2(il) show the correspon- 
dences of the ąuantum description of the massive scalar conformal particie to 
its classical mechanical description in the large space-time scalę limit. 

The ąuantum effects are described by the transition amplitudę (I4.17|l , which 
in the coordinates (w^, w") is given by 

\ ( w - v ) ) 

where (w — v) 2 — ri^{w^ — v^)(w 1 ' — V v ) and A > 3. One sees from (I5.27|l that 
the transition probability |aA(w^,w)| 2 from ai to u as a function of v forms a 
narrow peak around the coherent state w g T if ~ 0. A more detailed 
physical discussion can be found in 0. 
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